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ABSTRACT

Some integrals are presented that can be expressed in terms
of the Q-function, which is defined as

" 2 2
X +a
Q(a, b)=fb dx x exp <——T> Io (ax) ,

and where I( is the modified Bessel function oforder zero. Also,
integrals of the Q-function are evaluated. Some of the integrals
are generalizations of earlier results, but others are new; all de-
rivations are included. Extensions to related integrals are als
presented,

i/ii
REVERSE BLANI,




TR 4297

TABLE OF CONTENTS
Page
ABSTRACT . . « ¢« « ¢ o o o o o o o o o o o i
LIST OF ILLUSTRATIONS : e e e e e e s e s e e v
LISTOFSYMBOLS. . . .+ o « o ¢ =« o o« o ¢ o o v
INTRODUCTION., . . v « ¢ o &+ o o o o o o o o« o 1
GENERAL RELATIONS FOR THE Q~-FUNCTION . . . . . . . 1

INTEGMLS . 4 L] * . . . . . L} L] . . L] . L] . .

3
Bessel Functicns, Exponentials, and Powers, . . . . .« . 3
Q-Function, Exponentials, ardx . . . . . . .+ .« .+ . 6
Q-Function, Bessel Functions, Exponentials, and Powers . . . 8
Q-Function of Two Linear Arguments, Exponentials, andx . . 10
Product of Two Q-Functions . . . « +« +« « « + « «» o 11
Q-Function and Exponentials, . . . . . . . + . . . 11
Error Function, Bessel Functions, Exponentials, andx , . . 12
Bessel Functions of More Complicated Arguments,

Exponentials, andx ., . . . . . + ¢ « o« o« o o 13
Q-Functionandx . . . .+« . 4 4 + ¢ o o o o o o 15

EXTENSIONS . L] . . . L] L] L] . . L] L] * . . * . 15
APPLICATION ] * L] . . L) . . L] L] . . L] L] . L4 L4 18
APPENDIX — DERIVATIONS , . . . . .+ .+ « +« « « o« » 21

LISTOF REFERENCES . . . . . . « « « « ¢« o o =

o
<

v
REVERSE BIANK




TR 4297

LIST OF ILLUSTRATIONS

Figure Page

1 Interrelated Functions . . . .+ + +« &« + ¢ o « o« 16

LIST OF SYMBOLS

Q Q-function

Jn Bessel function of order n

In modified Bessel function of order n

¢ cumulative Gaussian function (see Eq, (64))
an generalization of Q-function (see Eq, (86))

v/vi
REVERSE BLANK




g ———

TR 4297

SOME INTEGRALS INVOLVING THE Q-FUNCTION

INTRODUCTION

The performance analysis of phase-incoherent receivers in fading or
nonfading media requires evaluating the Q -function. It is defined zas [Ref. 1,
Eq. (16)]

o)

i

2 2
Q(a,b) = j dx x exp(—x 5 a )Io(ax), (1)
b

where I, is the modified Bessel function of order zero. Physically, the Q-
function gives the cumulative distribution function of the envelope of the sum of
a sine wave and a narrowband Gaussian process [Ref. 2].

Much past work on performance analysis of receivers in fading media has
required evaluating the Q-function or its integrals [Ref. 3-10]. It is the pus.-
pose of this report to compile past results and generalize and augment then:,
where possible. (The method for deriving every relation is included (as an
appendix) so that the reader can formulate his own generalizations, where
appropriate.) The availability of closed-form expressions for these integrals
(in terms of the Q-function) greatly facilitates numerical evaluation, since
programs for the Q-fuuction are available [Ref. 11] .

Some generalizations and extensions of the Q-function are also included.
GENERAL RELATIONS FOR THE Q-FUNCTION
Q@,0)=1, Q@,m=0 (a<w),*
Q(O,b) = exp( .°/2), Q,b)=1 (b<w). (2)

*Derivations of these and succeeding relations are presented in the ap-
pendix.
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a.2+b2 N2 ay N ¢ =N+1 . x2+a2
Q(a,b)=exp<- - )Z<§) I (ab) +a sdxx exp(— . )IN(ax)

n=0 b
2 2\ ® n '
a +b fa
=exp(- 3 )E(b) In(ab), b#0. | (3)
n=0
1
2 2N g o 2 2
b -N N+1 '
Q(a,b):l—exp(—a ;’ )Z(g) I (ab) -2 sdxx * exp<—x ;d )IN(ax)
n=1 0 :

2 2\ n : )
=1 -exp(—a ;b )Z(g) In(ab), afo,. 4)

n=1
a2 + b:2

Q(a,b) +Q(b,a) = 1 + exp(— ——-2-—>10<ab> : ©)
QMa,a) =5 L+ exp(-a) 1 @) . (©

3Q(a,b) a” + b2 '
_____.ab = -} exp(—- 5 —->10(ab) . . . (7)

2 .2

dQ(a,b) _ fa th . ‘
0 b exp( > )Il(ab) . | (8)

Note that Q(a,b) is an even functic.t of both a and b (a and bre'al);
this is obvious from (1), (3), or (4). Also, from (1), Q(a,b) is an analytic
function of both a and b for all finite complex a and b.

e
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INTEGRALS

In the iitegrals listed below, the parameters are presumed to be rcal and
positive. However, the results may bhe generalized to negative or compiex
parameter values in many cases by symmetry'or analytic continuation. For ex-
ample, (9) holds forall complex a and b and complex p, provided Re(p2)> 0.
This followa because the mfegrand of (9) is analytic, and the integral is ani-
formly convergent for Re(p ) > 0; see Ref. 12, pp. 99-100. The righ:-hana
cide of (9) .is alsc analytic for all a and b and for p #0. As an exaople of
the use of symmetry, consider (77), which is derived for b> 0. Since dJy is
an odd function, we can express Ji(bx) = sgn(b) Jl(lblx) for all real b, and
ut11‘1ze the given result by substituting |b| for b and multiplying by sgn(b).
The integrals have been checked numerically.

BESSEL FUNCTIONS, FXPONENTIALS, AND POWERS

dx x exp(-p X /2) I,(@x) = D(zﬁ Q(a/p,bp) 9
! p

-
-
~

dx x exp(-p X /2)1 (ax) = L exc(-z-—) (1 - Q(a/p,bp)] (19)
P P
2

dx x exp(p pe /2)1 (ax) 5 exp(——-——-) [Q(a/p,ibp) - 1] (11)
2p

Thawryr Ol T P17 - T S,

2 2 z 1 /2 2\ ) 2 b2 2
dx x exp(p x /2) Io(bp X} = I:exp\ =] 1 (b p) - exp(— -—22-—)] (12)
2p

o) ' 2

g dx exp(-p2x2/2) 1 (ax) = ':f(,xp(z—a—z-> [1 - Q(bp, a/p)] (13)
B p

b

S dx exp(-—p X /Z)I ax) = = [exp( ’\' 2{bo,a/p) - 1] (14)
0 N 4
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i 2 2 1 2
dx exp(p x /2) I, (ax) = N [axp<-——->Q(1bp.1a/p) - 1] (15)
0 2p
12 1T1
dx exp(p x /2)1 (bp X) -—3[ exp(-b P /2)
0 bp
2
+ 3 o6 ’p/2) 1) 6% - 1] (16)
- r 2
dx x2 exp(-p2x4/2) L (ax) = -%l.a e)ﬂ(fg) Q(a/p,bp)
P P
b
+ bp2 exp(-b2p2/2) Il(ab)] (17
2
j dx x° exp(-p°x>/2) I, {ax) ——-[a exn(2 ) {1-Q@/p,bp)}
p P
- bp2 exp(—b2p2/2) Il(ab)] (18)
o 3 a2
j dx x exp(-p X /2)1 (ax) -—-(a +2p ) ex -—> Q(a/p, bp)
b P P
+-£4 exp(-b2p2/2) [a Il(ab) + bp'2 I(,(ab)J (19)
o ,
b 2
j dx x3 exp(-p X /2)1 (ax) ——(a +2p )exp(a—> 1. - Q(a/p,bp)]
0 p 2p

)
, exp(-b-p>/2) [a I, (ab) + bp” Io(ab;, (20)
P
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o

j dx exp(—pzxz/?.) Jo@x) Jl(bX) =% (1 - Qa/p,b/p)] (21)
0
1] 2 9 1 . .
j dx exp(-p"x"/2) 1 (ax) 1, (ox) = 3 {QGa/p, ib/p) - 1] (22)
0
w 2 2
22001 (ax L [\ 2
j‘ d» exp(-p x /2) I @x) 1. @x) = o [exp(p2>lo< 2)- 1] . (23)
p
0
In (u4) - (34), s= pz-bz, u=./ap-s), and v=,/a(p*s).
j dx exp(-px) I,(bx) = Sl [2Q(u, V) - exp(-pa) I,@h)l, p>b (24
a
a
j dx exp(-px) Io(bx) =§ [1 + exp(-pa) Io(ab) -2Q(u,v)] , p*b (25)
0
a
j dx exp(-paj + () = a exp(-pa} | I,®a) +1, (pa)] (26)
U

. 1
dx exp(-px) Ilqu) =F§ [2DQ(u,v) = (p+s) exp(-pa) Io(ab)] sy p>h (27)

1
dx exp(-px) Il(bx) =E [p ~ s + (p+s) exp(-pa) IO(ab) =2pQ,v)j, p tb (28)

= Sy

1
dx exp(-pa) I () = N [exp(-pa) {(1pa) 1,(a) + pa Il(pn)} -1] (29)
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a0
§ dx x exp(-px) Io(bx) =-15 [2pQu, v)
H S

+ exp(-pa) {abs Il{ab)+p(as—1) Io(ab)ii s+ DP>b (30)

a

1
S dx x exp(-px) IO(bX) ==3 [P - 2pQ(u,V)
0 S

- exp(-pa) {abs Il(ab)+p(as-1)10(ab)}1, p#b (31)

dx x exp(-px) I,px) = ;—p exp(-pa) [pa Io(pa) + (pa+l) Il(pa)l (32)

dx x exp(-px) Il(bX) = 13 (2bQ(u, v)
S

+exp(-pa) {aps I, (ab) +b(as-1)I ab)}}], p>b (33)

a
5 dx x exp(-px) ll(bx) =L3 (b - 2bQ(u,v)
3 S

~ exp(-pa) {aps I, (ab) +b(as-1) lo(ab)} ], pb (34

a
f ax exp(pm) 1,00 = £ exo(-pa) tpa 1pa) + pa-2) 1, ) (35)
0

Q-FUNCTION, EXPONENTIALS, AND x

a)

f axx e’/ Qe by = 5 [exp(-p2c2/2> Qac,b)
¢ p

2.2
p°b ){ (éz 2 ab )
+ exp |- 1-Qlc fa+p, 7ﬁ (36)
(2(a2+p2) a +p
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c 2.2
2 2 1 pb 2 2 an
dx x exp(-p x /2) Q(ax,b) =—[e><p<- >Q<c. /a +p,
! pz 0 (a2+ pz) /a2+p2

2 2
- exp(—%—)cz(ac,m (37)
¢ 1 22
J. dxxexp(p /2)Q(ax b)—-— exp(pf )Q(ac,b)
5 p
p(z )) (/a -p, >] p¥a (38)
(a -p
J dxxexp(p X /2)Q(px b)——exp<p ) 1 - Q(b,pc)] (39)

w 22

j dxxexp(-p2x2/2) Q(b,ax) = —15 [exp(— pzc )Q(b,ac)
p

c

2 2 2
- 28’ 3 exp( )Q( 23-1)2’ c /p +a )] 40)

p *+a 2(p+a.) p +a

c 22
j dx x exp;-: /2) Q(b,ax) = — [1 exp( p2c Q(b,ac)
p

2 2
" b
- —— exp( {1 Q< a +a >] 41)
pira®  \ 20 +a2> JEELT)
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@ 2
S dxxexp(pzxz/z) Q(b,ax) =—12'[—§—3 p<2 (~[— c /a -p )
. p La -p (a -p )

22
-expl"zc )Q(b,ac) , p<a (42)
¢ 2 2 2
s dxxexp(p X /2) Q(b,ax) = 1 [ > zexp<2 b p ){1 Q< b2, C /az p2>}
0 P -p ) J -p
22
+expp2c )Q(b,ac) -1}, p=#a (43)

dxx exp(p x/2) Qb.pX) = —5[pc exp(-b7/2) L, (bpc) +b exp(p c/2) Qb,be) -b]
bp
(44

T Yy,

Q-FUNCTION, BESSEL FUNCTIONS, EXPONENTIALS, AND POWERS

iy

S dx x exp(-p X /2) I (cx) Q(ax,b) -—exp< )Qkp 55 > (45)
i p 2p7 \p/p+a J

o)

2
2 2 1 L e
S dx x exp(-p x /2) 1 (cx) Q(b,ax) = — EXPC—F)Q( / 2+aE, dc’fﬂ“)
) p I p PP
2 2.22
5 N(A 7 >l (vsz\ -
p +a (p +a ) “/

g dx x Io(cx) Q(b,ax) =—%— exp(ziz—z-> [clo<l;c> + abll(-z—c)] (47)
ac

a

O,

w ;‘2 '
S dx exp( ’P X /3)1 (bx) Q(c,ax) = i’ [XD<"2-—2>Q( 20 i —%)—>- 1] (48)
0 p7 \ Jo"ra" p pra
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a0

2
f ax exp(-p"x/2) Il(bX)Q(aX.C)=%[exp(£§)Q< L —P-‘?——)
0 2p/ \pfp +a ./p2+az

iac
- exp (Iz_z' (49)

2

1
5 ax exp(-p"x/2) 1 facx) Qlaxic) = == [exp(__z_) ( )
0 P /p +a /p2+a2

2.2 2 2 2
1 cp-a ac 1 _]
-zexp<"2— 2 2)10<p2 2> 2exp(— ) (50)
p+a

Y 1 02 bc
f dx I, (ex) Q(b, ax) = EE"P(;a—z) 10(;) - 1] (51)
0

)

o

2
s dxxzexxa(-pzxz/z)ll(cx)Q(ax,b>=-lz[wxx3(c—-2->Q< azc 2,—bg—>
0 P 2p p:;p +a ./p ta
2 .22
e oy et I
p+a ® +a)
5dx X exp(-p X /2)11(cx)Q(b.ax) -—IEJ exn(2 ) ( =,
P %ia jp +a

2 2.22
_ 2a 5 2ex<c 2b 2>{c(az+2p2)lo( 2bc2 abc (53)
(p +a") 2(p +a ) p +a
o

2 -
2 ) 2,22 Y 2 2 _(be ,
S dx x Il(cx)Q(b,asx)— 4 2exp(232) [c(c +a b )IO(%~>+2ab(c -a )11(-;-2 (54)
0
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Q-FUNCTION OF TWO LINEAR ARGUMENTS, EXPONENTIALS, AND x

In (5) and (56), s=p? +a% +p% g2, ,2 b%, and r = Jh2-aaZel.

[} 4]

0 2 2
j dx x exp(-p"x2/2) Q(ax,bx) =~%l}xp(— %‘-’-—)Q(ac,bc) r=Q G /'s:‘f /S*‘r)

& p

2
1
-5 (1 + i—)exp(- §§.) Io(abcz)] (55)

2
22 111 2
5 dx x exp(-p“x“/2) Q(ax,bx) =-—-p2 [é- (1 +:—:)[1 + exp(--—-s; )Io(abc J
0

22
- exp(-g-?"-)Q(aC,bc) - % Q(c ’___E-r ,C /§_§_r)] (56)

2 2,.2
s dx X Q(ax,bx) = 5 Qiac,be) +“—-§- expk— ?—%b— cz) [bIO(abcz) +all(abcz)]
2{a"-b")
2 2 2
-b (a -b )

- 2Q(c min(a,b), ¢ max(a,b))], a*b

(57)
c? 22 2 2 22
de X Q(ax, ax) = [1 +exp(-a“c ){10«1 ¢)+1(ac )}] (58)
0
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PRODUCT OF TWO Q-FUNCTIONS

o

2
s dxxexp(-pzxz/z)Q(ax-b)Q(cxvd)='£2' [exp(- Zp 2 %2>
p p tc

p° b

D 9 z
‘A T3 )“’xp(‘ 2 2"2‘)
p tc p +a +¢ p ta +c¢ p t+a

. {1 —Q( d +a , abe )}] (59)
Q-FUNCTION AND EXPONENTIALS
s dx Q(,ax) = J_ cxp( -b /4) [b +2) Io(b /4) + b 1 (b /4)] (60)
0
¢ 2r 2 2 2 2
s dx [1 - Q(ax,b)] =—‘C——: b* exp(-b74) [lo(b /4) +1 (0 /-;)] (61)
0

A

o
In (62)-(70), s = Ja"+p~.

14

x2S/ axy = |51 LN ALY AL
j dx exp(-p x7/2) Qb.ux) = 2 b [1 - .3Q<2 ( s)’z <1+ -.))
0

2 2
106‘ b2 )] (62)

k’;
C
£
E
"G'
7
\
(LM
g
o
F
Ef
I'__l
C"
te |c'
'c
v"‘

D) D] + (> I3
o[ aTE2pT b2 | :\"bz .
- OeXpi- T o\ (63)

11
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ERROR FUNCTION, BESSEL FUNCTIONS, EXPONENTIALS, AND x

In this report, the error function is defined as

X

d(x) = I dy(zvr)'l/ 2 exp(-y2 /2). (64)
w e 2
I dx x eXP(-p2x2/2) Iy (x) d(ax) = -%eXp(f-z-) [1 - 2—%( - 3), 5%(1 + -:4))]
0 p p
2 2
1 a b b
(1 += exp(——)l (——) (65)
2})2 ( S> 432 0 432

o) 2\

s dx x I (bx) ¢(-ax) = -—l—exp(-p-—) [1
0 2 2

h 4a 4a

2 2
b b
0(—2) +] 1('—-2)J (66)
4a 4a
o

2
S dx x exp(-p2x2/2) Io(bx) d(ax) = —é—exp(;b—z) [1 - ZQ(E%\/I - -:‘), E%(l + g))]

p p
2 2
+ 5+ 5, e"p(b*f) IOG)*) (67)
2 2
p ds ds

j dx exp(-p X /2) Il(bx) dlax) = ~eXp(

)

(s ) )l e
o 2 2
5 dx Il(bx) d(~ax) = -13 [exp (—E—?:) IOC_:)—E) - 1] (69)
> da a

12

v era
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o

2
| et tomer < foof 2 -ofi -8 2]
P

-}
2 2
1 b b
5 exp(-—-z) 10(4—-2) (70
4s s

BESSEL FUNCTIONS; OF MORE COMPLICATED ARGUMENTS,
EXPONENTIALS, AND x

In (71)-(80), s = Jgq+c, t= Ja-c, and u= s/l—bi.

[ ] b2 bz
j.dxxeprqx ) 3, 0x) IO(cx )= exp< d )10< c ) asc (1)
2st 2 2 )
0 4g-c) N>
o 2 2
2 \ 2 _L( &) _ab cb
S dx x exp(~-qx )Jo(bx, Il(cx )-20 1 +st exp( > 2)10< > 2)
d 4 -c') "M(g"-c")
1 ._b_@_;) b 1)) .
cQ(zﬁt s’2~/§t+s’ q>c (72)
¢ Dl-ex’) I (bx) LyexY) =i (--ﬁ)-ld)— b) 73
X X exp(-¢x’) 0(.\ e )—mbexp oy NG (73)
[ « 1 )
5 dx “exp( 7 _m)= 2Q<a- Ja(l-u), ;Ja(1+u)>
Q
- (,xp(- —‘-) 10<-3"§), b<1 (74)
1 b 1-b
1
de‘;;exp( T x) 2d(-Ja) (75)

0

13
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oD 2 2
5 dx exp(-ax) 3% Lex”) = % [1 e"p(- T 2 )10( 3 ) )
0 4@"-c”) "\a@q*-c%).

- ZQ(Z—l;_t ./q—st, -2—2-{ .[q+st>], q>c (76)

j’" dx exp(-cxz) J 1(bx) Io(cxz) = % [2d>(2—3'g-) - 1] (77)
0

Ls
J‘ dx %cos X exp (— l—_b—acr/s—x) =biu EZuQ(& A=), i‘.]a(ﬂui)
0

a ab ab
- exp<~ ——> 3(1+U) IOC“) +bl (——)ﬂ, b<1 (78)
1-b2 S VY

n
I dx ¥ cos x exp(- Toom) = 22 [8(-) - 27a) 2 exp(-a/2)) (79)
0
o 2 2
2 2 _ b 4h cb
j dx exp(-qx") J 1(bx) Il(cx )= oot [exp(— Tz) {(q+st) IO(IW)
0 4(@-c¢") (@-c)

2
cb b b
+c 11( 55 )} - 2stQ(ﬁ ./q-st, ﬁ ~/q+st):,, q>c (80)

4(q -c)

o

1/2 2
j dx exp(-cxz) J 1(bx) Il(cxz) = i[(%%) exp(— 18)—c> -b d><- ES—;)] (81)
0
14
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Q-FUNCTION AND x

@ 2 2 2 22 2
S dx x Q(b,aX} = zi-tz—a—c. Q(b,ac) +§--exp(— i_c__ﬂ_) [ac ) | (abc)
a 2 0
2a
c
+ b1 (abe)) (82)
e 2 2 22 22 2
5 dx x Qb,ax) =220 _2*D =8¢ Qg a0) --‘-’-exp(—f‘-"—i'c'—>
2 2 2a 2
0 2a 2a
e lac I (abc) +b 1 (abe)] (83) *
‘3
M 222 42 . 22,2 \
s dx x Q(ax,b) = ———— [1 - Q(b,ac)] +=— exp(——c——)[ac I (abc) \
2 2a 2 0
0 2a \
+b Il(abc)] (84) \
t h2-a2 2 c azcz-i-b2
s dx x [1 - Q(ax, b)) =-—2c— Q(,ac) * 5 eXP<- -——> [ac I (abc)
22 a 2 0
c
+b 1 (abe)] (85)
EXTENSIONS
We define a generalization of the Q-function as
[¢ 4] 2 2
_ m _x +a ,,
an(a,b)- j dx x exp( > >In(ax) . (85)
b

Then Q( is the standard Q-function. Integration by parts of (86) two different
ways yields the relations (see (A-49) and (A-50))




TR 4297

q_(ab=< [Qmﬂ,n_l(a,b) - (mm-1)Q o (a,b)

2.2 L
-p™ exp<— 2 ;’b >In_1(ab)] 5 (87)

and

Q@b =aQ @b+ mn-1Q ,  (a,b)

m-1 za.2+b2 '
+b exp(— 5 )In(ab). i : , (88)

: ]
Equation (87) enables us to relate any three Qmpn functions apranged as in
pattern A in Fig. 1; (88) accomplishes the relationship depicted by pattern B.
That is, knowledge of any two Qp,, functions in a pattern enables us to deler-
mine the third function.

n_—;—_ - |
Ty ;
I

m
Fig. 1. Interrelated Functions ’
Substitution of m =0, n=1 in (87) yields
2 .2
_1 () ] g
QOl(a,b)— N [Q(a,w exp\-— Io(ab) . (89)

(This 1s equivalent to (13).) Thereby for m +n odd, (87)-(89) cn. ‘o evalu-
ating al. Qpn functions in terms of a Q-function and Bessel functions.

For m +neven, it appears to be necessary to have two fundamental
tunctions rathcr than one; these functions could be either Qqo and Q20* or

16
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Qoo and Q13. Then (87) and (88) enable evaluating all Qp,;, functions in
terms of the two fundamental functions for m + n even. Although it is obvious
from (86) that

' _ 2, @ 2,
Q,,(a,b) = exp(-a /2) ey [exp(a’/2; Qo) (90)

we have not been able to reduce the number of fundamental functions below two.

Some examples of integrals that reduce to the fundamental functions are
listed below: -

o)

[ aaman = ay0.00 - ap.a) (o1)
(¢}

.a) ' .

J dx [1 - Qax,b)l =2 @, (b,ac) - ¢ 11 - Qac, b)] (92)
C

{ 1. -1z [b?

I del(bx) b(-ax) = [(27r) ex -;;-)Q (b/a,ac) - 1,(bc) 4>(-ac)] .(93)

c

Integ'ralé suclll as

jdx xr,.1 exp(-px) IO 1(bx) (94)

can be evaluated by taking derivatives with respect to p of (30)-(34). Also,
integrals such as

5 dx xerIl exp(-pxz) IO 1(bx?') (95)

are immediately reduced to the form of (94) by the substitution x = J't' .

17
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APPLICATION

The error probability fo * transmission of M-ary equicorrelated signals
over a phase-incoherent Rayleigh fading channel has been considered by Shein
[Ref. 9]. If we generalize to the case where, in addition, a threshold must be
exceeded [Ref. 5, sect. 6], the probability of correct detection is given by

o w

2
1- 1 2
Py =1 +; J‘ du u exp(- -%%—) fdv v exp(-v /2)

I/JI=% 0

M-1
. Io(ﬁ uv) [1 - QWX v,u) . (96)

(This specializes to Shein's result for the threshold equal to zero: I' = 0,) Feor
M =2, we use (45) to evaluate the inner integral in (96) and obtain

2
1-Au Au u
coenl ) -y A o

_1-)
p2'1+/3

o

j g
I/ /1-)
This integral can be evaluated by utilizing (55) to yield the closed-form solu-

tion

P =exp(—a2) (1 -Q(ADb) +§Q(a./c- , A/CHT

2
1 2 2
+E<1 —%) exp(-a ¢) Io(b A, (98)
where
__T __ T _2+8 1+>\2)
2= a0 2 T L
1/2 1/2
2 2

r —< * 1+)\) (ﬁ * 1—>\) . 49)

18
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For ' =0, (99) reduces to (148/r)/2, wkhich checks the last equation in
Ref. 9. For M >2, integrals of powers o¢' Q ar- .equired; in this case.
generalizations of (39) are necessary.

19/20
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] Appendix

. DERIVATIONS

(2)*; The first three relations in (2) follow immediately from definition
(1) and Ref. 13, 6.631 4. The fourth relation results if we express

2 2
X +a

b
R@,b)y=1 - J dx x exp(— > )Io(ax) (A-1)
0

and use the asymptotic behavior [Ref. 14, 9.7.1]
Io(z) ~ (21rz)-1/2 exp(z) as z——=+w, (A-2)

(3): Integrate by parts repeatedly on (1), with

2 2
- X +
u;In(a.x)xn, dv=dxxexp<-\ 2a>’ (A-3)
and employ [Ref. 14, 9.6.28]
df -n -n
- [4 In(z)] =z 1. (A-4)

As N—— w in (3), the integral tends to zero: from Ref. 14, 9.6.18,

N m

-N , a .2 N

X IN(ax) = N T jdt? exp(ax vosy) (sin 0)

\/'-2 NN + —
T I'(N 2) 5
aN NP (ax) f 2 N (a/")N 2XpP(ax)
< Nc.p(‘ ‘[dt!(sin ) = ——— \fj‘\p( , (A-5)
VRZT TN +3) v

*In this appendin, the number at the beginning of each paragraph refers
to the equation of that same number in the main text.
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using Ref. 13, 3.621 3. Then the integral in (3) is upper-bounded by

2, N @ 2
.(a_Ié!g.L_ J'ax X exp(- (x;a) ), (A-6)
b

which tends to zero as N —w, The infinite series in (3) converges for any
b #0, as can be seen by the ratio test,

In+1(ab)

a
In(ab) b 0 as N—-w, (A-7)

since the ratio of Bessel functions tends to zero as n —=w. (Use Ref. 14,
9.6.26, divide by I,(z), andlet v—erw.)

(4): Integrate by parts repeatedly on (A-1), with

2
u= exp(— X ;-a ), dv = dx xn+l In(ax) R (A-8)
and utilize [Ref. 14, 9.6.28]
d [ n+l ] _ ntl
= [z 1,.,@ =2 "1@. (A-9)

As N — w in (4), the integral tends to zero: when (A-5) is used, the inte-
gral in (4) is upper-bounded by

b /2) dex xp( (x-a) ), (A-10)

which tends to zero as N—w , The infinite series in (4) converges for any
a ¥ 0 by the ratio test (see (A-7) and the text following it).

(5): Interchange a and b in (4), and add to (3).
(6): Let b=a in (5).

(7): Differentiate (1) with respect to b,

22
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(8): Differentiate (5) with respect to a, and use (7) and (A-4).
(9): Substitute x=pt in (1) and reidentify a as a/p, and b as bp.

(10): Use the relation
b ) )
de f(x) + de fx) = de f(x) . (A-11)
0 b 0

and employ (9) and (2).

(11): Notice first from (1) that Q(a,b) is an analytic function of a and
b for all finite a,b. Then replace p by ip in (10), and utilize

Q(tia, +ib) = Q(ia,ib), a,b real , (A-12)

which follows directly from (1) or (3). Also (A-12) is real, as may be seen
from (3).

(12): Substitute a = bpz in (11) and use (6).

(13): Integrate (9) by parts, with
22
u= Io(ax), dv = dx x exp(-p x /2), (A-13)

and then employ (5).
(14): Use (A-11), (13), and (2).
(15): Replace p by ip in (14) and utilize (A-12),
(16): Put a=bp? in (15) and use (6).
(17): Take the derivative of (9) with respect to a, and employ (8).
(18): Use (A-11), (17), and (2). An extension of (18) is also supplied by

replacing p by ip (i.e., p2 by -p2); the special case of a=bp2 is very
simple, upon use of (6).

23
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(19): Take the derivative of (9) with respect to p2,

and employ (7) and
(8).

(20): Use (A~-11), (19), and (2),
(21): From Ref, 13, 6.4633 2, we have

(4

a +b2 2
b exp " Io(ab) =hb j dt t exp(-t“/2) Jo(at) Jo(bt)
¢

o
a 2
= J dt exp(-t“/2) Jo(at)b I 0, (A-14)
0

the last step by Ref, 14, 9.1, 30. Integrating (A-14) with respect to b, and
using (10), yields

[/ 4

b
2 a2+x2
b § dt exp(-t“/2) Jo(at) Jl(bt) = { dx x exp|{- B Io(ax)
0 0

=1-Q(a,b). (A-15)

Let t =px in (A-15) and reidentify a as a/p, and b as b/p.
(¢Z): Replace a by ia, and b by ib in (21), and use [Ref, 14, 9,¢. 3]

Il =1 (x), I X =01 g, (A~16)

(23): Put b=a in (22) and employ (6),

(24): Using Ref, 14, 9.6,19; Ref. 15, p. 44, 10,203; and defining
q= \/1—b2, b <1, we have

w o

T
Jdt exp(-t) Io(bt) = jdt exp(~t) % I do exp(bt cos )
a a

\
’
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T
_ exp(-a) 4o exp(ab cosf)
T 1 -~Db cost
0

n=1

1
= ¢ [reamD, vaTFD) - expem 1yab] . @)

where (4) has been utilized to sum the series. When we let t=px in (A-17)
and reidentify a as ap, and b as b/p, (24) follows.

(25): Use (A~11), (24), and (2).

(26): This is a limiting case of (25) as b —ep-. However, (25) ap-
proaches 0/0 as b— p- (see (6)). Therefore, let b= -s¢ in (25) and
apply L'Hospital's rule at s = 0, Upon use of (7) and (8), (26) follows.

(27): Integrate by parts, with

u = exp(-px), dv=dx Il(bx) , (A-18)

and then employ (24).
(28): Use(A-11), (27), and (2).

(29): This is a limiting case of (28) as b—p-. Apply L'Hospital's
rule, as in the derivation for (26), above, and use (7) and (8).

(30): Takethederivative of (24) with respect to p, and utilize (7) and
8).

(31): Use(A-11), (30), and (2).

25
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(32): Define

a
An = fdx X exp(~px) In(px), n=0,1,

(A-19)
0
In (A-19), for n= o, integrate by parts, with
u=exp(-px), dv=dxx Io(px) . (A-20)
Then, using (A-~9),
A= %exp(—pa) 1pa) +A, . (A-21)
Additionally, in (A-19), for n=0, let instead
U=X, dv=dx exp(-px) Io(px) . (A-22)
Then, using (20),
A0 = a2 exp(-pa) llo(pa) + Il(pa)] - (A0+A1) . (A-23)
Equations (A-21) and (A-23) can now be solved for both Ay and A 1
(33): Take the derivative of (27) with respect to B, and wtilize (7) and
(8).
(34)- Use (A-11), (33), and (2).
(35): Sce the derivation, above, for (32).
(36): Integrate by parts, with
u=Q(ax,b), dv=dxx exp(—p2x2/2) , (A-24)

and then employ (8) and (13).

(37): Use (A-11), (36), and (2).

26
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(38): Replace p2 by -p2 in (37).

. (39): Integrate by parts, with

u=Q(px,b), dv=dxx exp(p2x2/2) , (A-25)
and then employ (8), (2), (A-4), and (5).

(40): Integrate by parts, with

u=Q(b,ax), dv=dx x exp(-p2x2/:-‘,) , (A-26)
and then employ (7) and (9). ‘
(41): Use (A-11), (40), and (2).

(42): Replace p2 by -p2 in (40). Integral (42).converges for p < a be-
cause as b —w, from (1),

o 2
Q(a,b) ~ jdx X exp\- X exp(a.x) f J’dx(2r) ( (x-a) )
b

2

where
t

$(t) = S dx(2r)

—n

-1/2 exp(-x2/2). (A-28)

(43): Replace p2 by -p2 in (41).
(44): Integrate by parts, with
u=Q(b,px), dv=dxx exp(p2x2/2) , (A-29)

and then employ (7), (2), and (A-9).
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(45): Let f denote the left side of (45). Then, using (7) and Ref, 13,
6.633 2, there follows

F _ b p2b2+c?\ . [ abe
b "2 235 |l T 3) (4-30)
p +a 2p +a’) +a

Since f=0 at b=, from (45) and (2), we have

) X 2 2+ 2 ac
f= J'dx 5 eXp p’; ‘; Iu<2 "2), (A-31)
p P ta 2p ta' )/ \p +a

and (45) follows upon use of (9).

(46): Employ (5) and then (9); (2); Ref., 13, 6,633 2; and (45) to evaluate
the resultant integrals. Next, use (5) again,

(47): Express Q in integral form via (1), interchange integrals, and
utilize (A-9) to obtain

1 ( (t2+b2) t . ot
c jdttexp- 5 Io(bt)zll(-a-)
C

o 2 2
19 t +b t
=2 [jdttexp(- > )Io(bt) 10(33-)]

xp(i;.) I 0(%2)] , (A-32)

where we have employed Ref. 15, 6.633 2. Equation (47) follows directly from
(A-32).

(48): Integrate by parts, with

2 2 1 (b
u=Q(c,ax), dv=dx exp(-p x /2) I,0bx), v = gexp(—z-) Q(px.b/p),

2p (A-33)

and employ (7), (8), (2), and (45).

28
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(49): Use (5) and then (13), (2), (22), and (48) to evaluate the resultant
integrals. Then utilize (5) again,

(50): Let b=ac in (49) and use (6).

(51): Express Q in integral form via (1), interchange integrals, and
utilize (A-4) and Ref. 13, 6.633 2.

(52): Take the derivative of (45) with respect to ¢, and use (A-4) and
(8).

(53): Take the derivative of (46) with respect to ¢, and employ (7) and
(A-4)'

(54): Take the derivative of (47) with respect to ¢, and vce (A-4) and
(A-9).

(55): Integrate by parts, with
u = Q(ax,bx), dv=dxx exp(-p2x2/2) , (A-34)
and employ (2), (7), (8), (24), and (27).
(56): Use (A-11), (55), and (2).
(57): Integrate by parts, with
u=Q(ex,bx), dv=dx x, (A-35)

and employ (7), (8), and (2). The integral v du can be reduced to the
forms of (31) and (34) by the substitution y="x2/2,

(58): Use (6), let y:=x2, and utilize (26).
(59): Express one of the Q-functions in integral form via (1), interchange
integrals, and use (45) to evaluate the inner integral, Next, use (36) to evalu-

ate the remaining integral,

(60): Express Q in integral form via (1), and interchange integrals.
After taking a derivative with respect to «, utilize Ref. 13, 6,618 4,
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(61): Express 1 -Q via (A-1), interchange integrals, use Ref, 13,
6.618 4, and (26).

(62): Employ (13) with p=1, toexpress Q ia integral form; inter-
change integrals; use Ref. 13, 6.631 7; and then (24) and 27.

(63): Use (5): Ref. 13, 6.618 4; and (62).
(64): This is a definition of &,
(65): Integrate by parts, with
u= d(ax), dv=dxx exp(-p2x2/2) Io(bx) , (A-36)
and employ (64), (9), (2), and (62),
(66): Integrate by parts, with
u= ¢(-ax), dv=dx x Io(bx) , (A-37)

and employ (A-9) and Ref, 13, 6.618 4, after taking a derivative with respect
to 8.

(67): Split the intesral into a sum of integrals over (-m, 0) and (0, m),
Let y= -x in the integral over (-m,0) and use

$(~ax) = 1 - ¢(ax), (A-38)
which is deducible from (64). Next, employ (9), (2), and (65),
(68): Integrate by parts, with
u= P(ax), dv=dx exp(-p2x2/2) Il(bx) , (A-39)
and employ (64), (13), (2), and (63).
(69): Integrate by parts, with
u= ¢(-ax), dv=dx Il(bx) s (A-40)

and employ (A-4) and Ref, 13, 6.618 4,
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(70): Use a procedure similar to that above for (66), and then employ
(13), (2), and (69).

[}

(71): Let x =./y and employ Ref. 13, 6.644,

(72): Use Ref. 13, 6.6317, with » = 1, to eliminate Ij(cx2). The re-
sultant integral involving Ig(cx2) follows from (71). Interchange integrals in
the remaining double integral, and use (21) and then (62).

(73): This integral is a limit of (72) as q —»c+ As q—c+, the nght
side of (72) approaches

vl WD) LofRalt ) nf ) oo

where t =./q-c. However, by an approach similar to that given in (A-27), we
find that

Q(a,b)~j§¢(a-b) as a,b—mw, : (A-42)

but b -a > 1 is not required. Equation (73) follows upon use of Ref, 14,
9.7.1. ‘

(74): Define

1 a
K 5 dx cos (nx) exp( 1-bcos x)' (h-43)

Then ‘ ‘

08

0 1 ( a ) ab)
—_—- exp(- —=)1 (1-— . (A-44)
9 142 102 Np?

using Ref. 16, vol. 2, p. 81, Eq. 10. From (A-43), it is seen that g;=1 at
a= 0, When this fact and (25) are utilized, (74) follows. !

(75): Take the limit of (74) as b—-=1- and use (A-42).
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(76): Define

i 2 2 }
. fn = fdx e'xp(-qx ) Jl(bx) In(cx ). (A-45)

Express I, in ir{tegral form by use of‘ Ref. 14, 9.6.19; interchange integrals;
and use Ref. 15, 1.701, to obtain

T 2
fn = ;J:b- J dé cos(nd) [1 -~ exp (— ETI)E%?EH . (A-46)
0 ;

Next, utilize (74).

(77): Take the limit of (76) 55 q— c#+ and use (A-42) and (A-38).

(78): From (A-43) and Ref. 16, vol. 2, p. 81, Eq. 10,
' ' v

1_1 dxl—bcosx-lex a a
da brw 1-bcosx ,p 1-bcosx
'0 '
- ﬁ‘[go — p< ) 10<Lb§>] . (A-47)
1-b 1-b 1-b

From (A-43), g1 = 0 at a=0. Then, to find g1 from (A-17), we must be

able to evaluate fdx go, which, from (A-43) and (74), becomes
l

i

jdx g = jdx[zmas/‘- ) el —bz)10< bxz)], @-18)

-b

where a = 4/1-u/u, 'B= 1+ /u, and u= +/1-b°. When we let J;=t in
the first integral of (A-48) and employ (57) and (25), (78) follows.

{79): Take the limit of (78) as b—1-, and use (A-42) and Ref, 14.
9.7.1.

f=di: See'the derivation above for (76), set n =1, and employ (78).

S e————
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(81): Take the limit of (80) as q— c+, and use (A-42) and Ref. 14,
9.7.1,

(82): Express Q in integral form via (1), interchange integrals, and
use (19) and (1).

(83): Use (A-11), (82), and (2).
(84): Use (5), (83), and (1).
(85): Use (5), (82), and (1).

(87): ILategrate by parts on (86), with

€.

2
u= xm+n-1 exp(— X ;-a ), dv = dx x—n+1 In(ax) , (A-49)

and employ (A-4) and (86).
(88): Integrate by parts on (86), with

2 2
m

u=x -1 In(ax), dv=dxxexp<—x ;-a >, (A-59)

and employ (A-9) and (86).

(91): Express Q in integral form via (1), interchange integrals, and
use (86) and (9).

(92): Express Q ininiegral form via (13), with p= 1, intexchange
integrals, and use (86) and (13).

(93): Integrate by parts, with
u= §(-ax), dv=dxI (bx;, (A-51)

and employ (A-4) and (86).
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